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We establish non-Hermitian topological mechanics in one dimensional (1D) and two dimensional
(2D) lattices consisting of mass points connected by meta-beams that lead to odd elasticity. Ex-
tended from the “non-Hermitian skin effect” in 1D systems, we demonstrate this effect in 2D lattices
in which bulk elastic waves exponentially localize in both lattice directions. We clarify a proper defi-
nition of Berry phase in non-Hermitian systems, with which we characterize the lattice topology and
show the emergence of topological modes on lattice boundaries. The eigenfrequencies of topological
modes are complex due to the breaking of PT -symmetry and the excitations could exponentially
grow in time in the damped regime. Besides the bulk modes, additional localized modes arise in the
bulk band and they are easily affected by perturbations. These distinguishing features may manifest
themselves in various active materials and biological systems.
I. INTRODUCTION
Recent years have witnessed advances in applying the
notion of “topological protection” to mechanical systems
which have led to the blossom of the new field “topolog-
ical mechanics”[1–6]. Enormous progress not only offer
us a plethora of applications of metamaterials[7–11], but
also deepen the understandings of topological protection
in aperiodic systems[12–17].
The study of topological band theory has been ex-
tended to open systems governed by non-Hermitian
Hamiltonians[18–53], which are realized in classical sys-
tems subjected to intrinsic gain and/or loss such as
optical[54–84], electric[85–90], and acoustic[91, 92] struc-
tures. In contrast to the ordinary topological band
theory, non-Hermitian systems exhibit unique features
such as exceptional points, band structure which is sen-
sitive to boundary conditions, and exponentially local-
ized bulk modes (“non-Hermitian skin effect”). Among
them the most fascinating subject is the interplay be-
tween non-Bloch bulk waves and the characterization of
lattice topology. It is thus intriguing to ask: can exotic
mechanical properties arise in energy non-conserving sys-
tems whose Hamiltonian is non-Hermitian?
In this paper, we study non-Hermitian topological lat-
tices composed of mass points and meta-beams that lead
to odd elasticity. Odd elasticity originates from active
matters with microscopic interactions which do not con-
serve energy[93], and is ubiquitous in a broad range of
natural (such as fiber networks with driving[94–96] and
active microtubule networks[97]) and manmade materi-
als (such as coupled gyroscopes[7, 17, 98, 99] and active
fluids[100, 101]). Recent progress on the mechanics of
active biological surfaces[102], such as cell cortex and ep-
ithelial tissues, has revealed up-down or chiral symmetry
breaking that leads to odd elasticity. Odd elasticity offers
unconventional elastostatics and dynamics[93] which are
∗ Corresponding author: dzhou90@gatech.edu
absent in passive solids, such as horizontal deflection and
wave propagation in the overdamped regime. It eluci-
dates non-reciprocal linear responses of active materials.
Up to date, major efforts of non-Hermitian mechan-
ics have been limited to 1D parity-time (PT ) symmet-
ric systems[103, 104] whose eigenvalues are real and the
eigenmode amplitudes do not grow in time. Our research
lifts this PT -symmetry by allowing the eigenvalues to be
complex, meaning that in the dissipationless limit the
lattice is unstable against infinitesimal stimulations. We
show that a damping which counteracts the intrinsic en-
ergy production naturally stabilizes the lattice. We first
realize the basic two-band models in 1D and 2D rotor
lattices, and then in the third honeycomb lattice model
we study a four-band non-Hermitian Hamiltonian. In
the honeycomb lattice, the eigenvalues of the topological
modes are complex due to the breaking of PT -symmetry,
and the excitation exponentially increases if the damp-
ing is not strong enough to counteract internal energy
production. Besides the bulk modes, on lattice bound-
aries we observe additional localized modes whose eigen-
values are not separated from the bulk band. These
non-topological localized modes may be essential for the
in-band boundary softness in energy non-conserving sys-
tems such as biological structures[105–109]. We leave
non-Hermitian mechanics of amorphous systems in fu-
ture research.
This article is organized as follows. In section.II we in-
troduce the general formulation of the lattices composed
of mass particles and meta-beams that lead to odd elas-
ticity. In section.III the notion of Berry phase is extended
to non-Hermitian systems, and we introduce three differ-
ent symmetries which quantize the Berry phase. In sec-
tion.IV, the basic non-Hermitian two-band models are
realized in the 1D and 2D rotor lattices. The “non-
Hermitian skin effect” is featured by the bulk modes,
and the topological edge modes are characterized by the
quantized Berry phase. In section.V, we study non-
Hermitian topological mechanics in the 2D honeycomb
lattice. The complex eigenvalues of the topological modes
and the subsequent unconventional mechanical response
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2are summarized at the end of section.V. The main re-
sults, extra discussions, and future perspectives are sum-
marized in section.VI.
II. GENERAL FORMULATION OF THE
MODELS
We model the non-conservative odd-elastic interaction
between particles as a pairwise force ~F (~u), where ~u is the
relative displacement away from equilibrium between an
interacting pair of particles. According to Ref.[93], to
linear order, we use the force
~F (~u) = −(knˆ+ koφˆ)~u · nˆ, (1)
where nˆ is the unit vector along the connection orienta-
tion, φˆ is the unit vector rotated from nˆ by 90◦ counter-
clockwise [Fig.1(a)], k is the spring constant, and ko rep-
resents the strength of the energy non-conserving force
(dubbed odd elastic constant). The unit cells of all three
lattices are subjected to fixed boundary conditions, and
are composed of two mass particles labeled A and B with
mass m which are connected by odd-elastic meta-beams.
Each cell is labeled by (n1, . . . , nd), and the site displace-
ments are denoted as ~uA,(n1,...,nd) and ~uB,(n1,...,nd), where
d is the spatial dimension, ni (1 ≤ ni ≤ Ni) is the cell
labeling, and Ni is the lattice length scale. We consider
the Newtonian equation of motion and take the ansatz
(~uA,(n1,...,nd), ~uB,(n1,...,nd)) = β
n1
1 . . . β
nd
d (~uA, ~uB) (2)
in every model, where βi is the decay rate of the non-
Bloch bulk modes[26]. In all three models, |βi| stays a
constant while Arg βi varies from 0 to 2pi. We denote ~β =
(β1, β2, . . . , βd) for simplicity. The equation of motion in
every lattice is simplified as an eigenvalue problem
D(~β)u = λu, (3)
where D(~β) is the dynamical matrix, u is the unit cell
displacement field, and λ is the eigenvalue.
III. GENERALIZED BERRY PHASE IN
NON-HERMITIAN SYSTEMS
We first generalize the Berry phase for the N -band
non-Hermitian dynamical matrix D(~β) to characterize
the lattice topology. We consider the simple case that all
bands are separable bands[29] (i.e., eigenvalues λn(~β) 6=
λn′(~β
′) for all ~β, ~β′ as long as 1 ≤ n 6= n′ ≤ N).
Thus the system is free of exceptional point. Based on
the biorthogonality and completeness[Appendix.A] of the
eigenbasis, we define the generalized Berry phase of band
n as follows,
γ
(n)
i =
∮
Ci
A(n)i dArg βi (4)
where Ci is the closed loop trajectory connecting Arg βi =
0 and 2pi,
A(n)i = i〈nL|∂Arg βi |nR〉 (5)
is the generalized Berry connection, and |nR(~β)〉 and
|nL(~β)〉 are the right and left eigenvectors, respectively.
We note that Eq.(4) is the proper definition for one of
the Berry phases of Ref.[29]. The generalized Berry phase
can be quantized by various symmetries in non-Hermitian
systems. In what follows, we discuss three different sym-
metries that quantize the generalized Berry phase.
In the first case, we consider a 1D lattice with the dy-
namical matrix D(β1) subjected to the symmetry prop-
erty MxD(β1)M
−1
x = D(β
∗
1), where Mx is the symmetry
operator which satisfies Mx = M
−1
x , and β
∗
1 is the com-
plex conjugate of β1. To prove that the generalized Berry
phase is quantized by this symmetry, we notice
D(β∗1)Mx|nR(β1)〉 = λn(β1)Mx|nR(β1)〉, (6)
which means
Mx|nR(β1)〉 = eiR(n)x (β1)|nR(β∗1)〉, (7)
where R(n)x (β1) is the symmetry phase connecting
Mx|nR(β1)〉 and |nR(β∗1)〉. Similarly, the left eigenvec-
tor yields
〈nL(β1)|Mx = e−iL(n)x (β1)〈nL(β∗1)|, (8)
where L(n)x (β1) is the symmetry phase factor connect-
ing 〈nL(β1)|Mx and 〈nL(β∗1)|. Due to the normal-
ized biorthogonality 〈nL|nR〉 = 1, L(n)x (β1) = R(n)x (β1)
mod 2pi. At high symmetry points when Arg β1,hs =
0, pi (“hs” is short for “high symmetry”), we have
[Mx, D(β1,hs)] = 0. Thus, Mx and D share the same
eigenvector |nR(β1,hs)〉, with
Mx|nR(β1,hs)〉 = ±|nR(β1,hs)〉. (9)
At high symmetry points, R(n)x (β1,hs) = 0 or pi mod 2pi.
The generalized Berry phase of band n is quantized:
γ
(n)
1 = R(n)x
∣∣Arg β1=pi
Arg β1=0
= 0 or pi mod 2pi. (10)
It is notable that in the Hermitian case, β1 = e
iq1 and
Mx is the reflection symmetry operator.
In the second case, we consider a 2D lattice with the
dynamical matrix D(~β = (β1, β2)) subjected to the sym-
metry property ID(~β)I−1 = D(~β∗), where the symme-
try operator I = I−1. To demonstrate that the general-
ized Berry phase is quantized, we notice
D(~β∗)I|nR(~β)〉 = λn(~β)I|nR(~β)〉, (11)
which means
I|nR(~β)〉 = eiR(n)I (~β)|nR(~β∗)〉, (12)
3At high symmetry points when (Arg β1,hs,Arg β2,hs) =
(0, 0), (0, pi), (pi, 0), (pi, pi), the right eigenvector yields
I|nR(~βhs)〉 = ±|nR(~βhs)〉, (13)
which means R(n)I (~βhs) = 0 or pi mod 2pi. The gener-
alized Berry phases γ
(n)
1 (Arg β2) and γ
(n)
1 (−Arg β2) are
related to one another:
γ
(n)
1 (Arg β2) = −γ(n)1 (−Arg β2) mod 2pi. (14)
Although γ
(n)
1 (Arg β2) is not quantized[110] at each
Arg β2, when averaged over Arg β2 the Berry phase γ
(n)
1
is quantized
γ
(n)
1 =
1
2pi
∫ pi
−pi
γ
(n)
1 (Arg β2) dArg β2 = 0 or pi. (15)
For the bands which are separated from other bands, the
summation of generalized Berry phase is also quantized,
γ1 =
∑
n
γ
(n)
1 = 0 or pi mod 2pi. (16)
The above results also hold true for γ2. It is notable that
I is the inversion symmetry operator in the Hermitian
case when ~β = (eiq1 , eiq2).
In the third case, we consider an N × N dynamical
matrix D(~β) (N is even) subjected to the symmetry
property ΠDΠ−1 = −D, where the symmetry operator
Π = Π−1. We prove the quantized Berry phase by notic-
ing that
DΠ|nR〉 = −λnΠ|nR〉, (17)
which means the eigenvalues come in ±λn pairs (we let
λn > 0). Thus, N/2 bands have +λn eigenvalues and
N/2 bands have −λn eigenvalues. The eigenstates |nR〉
and | − nR〉 are related to one another by
Π|nR〉 = eiR(n)Π | − nR〉, (18)
meaning that the generalized Berry phase γ1(Arg β2) at
each Arg β2 is quantized under this symmetry,
γ1(Arg β2) = −1
2
N/2∑
n=1
R(n)Π (Arg β2)
∣∣Arg β1=+pi
Arg β1=−pi
= 0 or pi mod 2pi, (19)
where we sum over all N/2 bands with −λn eigenvalues.
The above conclusion holds true for γ2(Arg β1) as well.
In the later discussions it is useful to study the following
form of non-Hermitian dynamical matrix:
D = σ− ⊗ h2(~β) + σ+ ⊗ h1(~β), (20)
where h1, h2 are
1
2N × 12N invertible matrices which are
free of exceptional point, σ± = (σx ± iσy)/2, and σx,y,z
are the Pauli matrices. The generalized Berry phase is
quantized by the symmetry operator Π = σz ⊗ I 1
2N× 12N
such that ΠDΠ−1 = −D and Π = Π−1. Hermiticity con-
strains h1 = h
†
2, which is lifted in non-Hermitian systems.
We now attempt to express the generalized Berry phase
in a simple form in terms of h1 and h2. To this end, we
denote |nR〉 = (|nRA〉T , |nRB〉T )T and 〈nL| = (〈nLA|, 〈nLB |).
We have 〈nLA|nRA〉 = 〈nLB |nRB〉 = 1/2 according to the
normalized biorthogonality 〈nL|nR〉 = 1. As an interme-
diate step, the Berry phase of the 12N bands with −λn
eigenvalues is simplified as
γi = 2i
1
2N∑
n=1
∮
Ci
dArg βi〈nLA|∂Arg βi |nRA〉
+i
1
2N∑
n=1
∮
Ci
dArg βi〈nLA|h−12 ∂Arg βih2|nRA〉
−1
2
i
∮
Ci
dArg βi ∂Arg βi ln
1
2N∏
n=1
λn. (21)
We exploit the identity
∑ 1
2N
n=1 |nLA〉〈nRA| = 12I 12N× 12N
to reduce the second term in Eq.(21) as
1
2 i
∮
Ci dArg βi ∂Arg βi ln deth2. Finally, the general-
ized Berry phase is reduced in terms of h1 and h2 as
follows,
γi =
1
4
i
∮
Ci
dArg βi ∂Arg βi ln det(h2h
−1
1 ). (22)
It is notable that Eqs.(6) and (11) are the “non-
Hermitian” extensions of spatial reflection symmetry and
inversion symmetry, respectively. The topological bound-
ary modes in these systems occur at finite eigenfrequen-
cies. This can be observed later in Figs.1(d), (g) and
Fig.2(d) of rotor lattices and in Fig.3(c) of the honey-
comb lattice. There is no guarantee that the band struc-
ture is symmetric with respect to the eigenfrequencies
of the topological modes, which is later manifested in
Fig.3(c) of the honeycomb lattice. On the other hand,
Eq.(17) is the “non-Hermitian” extension of the particle-
hole symmetry, meaning that the symmetry operator Π
could satisfy Π2 = 1 and {D,Π} = 0, which further
guarantees the eigenstates come in ±λn pairs[3]. The
band structure is symmetric with respect to the zero fre-
quency, which is in sharp contrast to the non-Hermitian
extensions of spatial reflection and inversion symmetries.
Thus, the band structure can be used as a key property
to differentiate the behaviors of the three different sym-
metries.
For non-Hermitian systems higher than 1-dimension,
we can further define the generalized Berry curvature as
Ω
(n)
ii′ (
~β) = ∂Arg βiA(n)i′ − ∂Arg βi′A(n)i . (23)
By exploiting the relation 〈n′L|∂Arg βi |nR〉 =
〈n′L|∂Arg βiD|nR〉/(λn − λn′), it is straightforward
to prove[111] that
N∑
n=1
Ω
(n)
ii′ (
~β) = 0. (24)
4FIG. 1. Topological 1D rotor chain composed of 25 unit
cells. (a) Basic element of the meta-beam that leads to odd
elasticity. The system is imposed by a clockwise (counter-
clockwise) torque. (b) Topological phase diagram. (c) Given
θA = θB = pi/6 and θ2 = pi/2−θ1, we illustrate the topological
phase diagram as the function of pi/4− θ1 and ko/k. (d) The
relationship between Imλ and Arg β1 of topological configu-
ration whose eigenvalues are complex. Topological modes are
marked by the red dot. (e) and (f) Both topological modes
localize on the right lattice boundary. (g) The relationship
between λ and Arg β1 of topological configuration with real
eigenvalues. (h) and (i) Topological modes localize on the
right and left lattice boundaries. (j) An exponentially local-
ized bulk mode that manifests non-Hermitian skin effect. (k)
1D rotor chain subjected to fixed boundary conditions de-
picted by black dot rotors.
IV. NON-HERMITIAN TOPOLOGICAL
MECHANNICS IN ROTOR LATTICES
A. Non-Hermitian topological mechanics in the 1D
rotor chain
We first realize the basic non-Hermitian topological
mechanics in the 1D rotor chain. The chain is composed
of diatomic unit cells in which the rigid rotors of length
r are connected to fixed pivot points separated by the
distance a (hence the lattice constant is 2a). The rotors
are freely rotatable about fixed pivots, and the rotation
is restricted in-plane with the axis of the chain. The
other ends of the rotors are connected by particles of mass
m, and the neighboring mass particles are connected by
meta-beams that possess odd elasticity [Fig.1(k)]. The
chain consists of N1 unit cells with the rotors as well as
the fixed pivots labeled An1 and Bn1 (1 ≤ n1 ≤ N1)
and is subjected to fixed boundary conditions[112, 113]
at rotors B0 and AN1+1. The equilibrium configura-
tion is that the A-rotors (B-rotors) make an angle θA
(θB) relative to the upward (downward) normals. There-
fore, at the equilibrium state the meta-beams connecting
An1 and Bn1 make an angle θ1 = arctan{[a+ r(sin θB −
sin θA)]/r(cos θA+cos θB)} to the downward normal (the
meta-beam connecting Bn1 and An1+1 make an angle
θ2 = arctan{[a + r(sin θA − sin θB)]/r(cos θA + cos θB)}
to the upward normal). We study the eigenvalue problem
in Eq.(3), where
D = hzσz −
[
sgn(b)|bb′| 12 +
d∑
i=1
β−1i ci|b′/b|
1
2
]
σ+
−
[
sgn(b′)|bb′| 12 +
d∑
i=1
βic
′
i|b/b′|
1
2
]
σ−, (25)
d = 1 is the spatial dimension, hz = (a− a′)/2, ω is the
eigenfrequency, λ = mω2 − (a + a′)/2 is the eigenvalue,
u = (uA/|b| 12 , uB/|b′| 12 ) is the unit cell displacement field,
sgn(. . .) is the sign function, and a, b, c1, a
′, b′, c′1 are con-
stant parameters displayed in Appendix.C. Under peri-
odic boundary conditions, we simply convert particle dis-
placements to momentum space by replacing βi with e
iqi ,
qi ∈ [0, 2pi) in Eqs.(2, 25) to obtain a non-Hermitian dy-
namical matrix.
Under fixed boundary conditions, we require
bb′cic′i|i=1,...,d > 0 so that the bulk modes exist,
and these bulk modes are exponentially localized near
the lattice boundaries (“non-Hermitian skin effect”)
with the decay rate
|βi| = (b′ci/bc′i)1/2 (bb′cic′i > 0) i = 1, 2, ...d. (26)
The topological properties of the considered 1D rotor
lattice is captured by the invariant called the generalized
Berry phase. In general, the generalized Berry phase is
not quantized. However, it can be quantized by imposing
the condition hz = 0, which is practically achieved[112]
by enabling the nearest neighbor springs perpendicular to
each other. The generalized Berry phase is computed by
Eq.(22). The topological phase transition occurs when
|bb′| = |c1c′1|. The chain is topologically trivial when
γ1 = 0 and |bb′| > |c1c′1|, while the doubly degenerate
topological modes[25, 26] emerge on lattice boundaries
when γ1 = pi and |bb′| < |c1c′1|. They both localize on the
left boundary if |b| > |c1| and |b′| < |c′1| (right boundary if
|b| < |c1| and |b′| > |c′1|), while they localize on different
boundaries if |b| < |c1| and |b′| < |c′1|. It is notable
that all eigenvalues are real in the branch bb′ > 0 and
c1c
′
1 > 0, while they are complex in the branch bb
′ < 0
and c1c
′
1 < 0. Although the study of topological phases
apply for both branches, the mechanical responses are
quite different. We leave the analysis at the end of this
section due to the similar discussions of 1D and 2D rotor
lattices.
B. Non-Hermitian topological mechanics in the 2D
rotor lattice
Having established topological mechanics in the 1D ro-
tor chain, we now ask if the same can be realized in the
52D rotor lattice. The unit cell is shown in Fig.2(a), where
each rotor particle is connected to three odd-elastic meta-
beams labeled i′ = 1, 2 and 3. The spring constants and
the odd-elastic constants are denoted as ki′ and k
o
i′ , re-
spectively. The lattice consists ofN1×N2 unit cells whose
sites are labeled by An1,n2 and Bn1,n2 , and is subjected
to fixed boundary conditions. The equilibrium configura-
tion is that the tangential directions of A-rotors and B-
rotors make angles θA and θB to the x-axis, respectively,
and the meta-beam labeled i′ makes an angle θi′ to the x-
axis. The dynamical matrix D is given by Eq.(25), where
d = 2 is the spatial dimension, and a, b, c1, c2, a
′, b′, c′1, c
′
2
are parameters detailed in Appendix.C.
The bulk modes are exponentially localized on lat-
tice boundaries with the decay rates β1 and β2 given
by Eq.(26), which manifests non-Hermitian skin effect in
2D systems. This effect can be observed in Fig.2(e) by
plotting the displacement weight
ξ(s)α = [(u
x(s)
α )
2 + (uy(s)α )
2]1/2, (27)
of one of the bulk modes, where u(s) =
(~u
(s)
A,(1,1), ~u
(s)
B,(1,1), . . . , ~u
(s)
A,(N1,N2)
, ~u
(s)
B,(N1,N2)
) is the s-
th bulk mode displacement eigenvector corresponding to
the eigenvalue λ(s) of the Newtonian equation of motion,
and α = A(n1, n2) (α = B(n1, n2)) for the mass particle
A(n1, n2) (B(n1, n2)).
The topological properties of the 2D rotor lattice is fea-
tured by the generalized Berry phase. It is not quantized
unless hz = 0, which is practically achieved by letting
ki′/ sin(2θi′+1 − 2θi′+2) = Const. for i′ = 1, 2, 3. When
the bands are separable, the topological phase is char-
acterized by the generalized Berry phase. The lattice is
free of topological edge modes when (γ1, γ2) = (0, 0) if
|bb′| 12 > |c1c′1|
1
2 + |c2c′2|
1
2 . The topological modes emerge
on the upper-left and bottom-right lattice boundaries
when (γ1, γ2) = (pi, 0) if |bb′| 12 < |c1c′1|
1
2 − |c2c′2|
1
2 , while
they emerge on the upper-right and bottom-left bound-
aries when (γ1, γ2) = (0, pi) if |bb′| 12 < |c2c′2|
1
2−|c1c′1|
1
2 . In
Fig.2(f) we illustrate the emergence of topological modes
by calculating the summation of the displacement weight
ξα =
{
1
Ntopo
Ntopo∑
s=1
[
(ux(s)α )
2 + (uy(s)α )
2
]}1/2
, (28)
where u(s) is the s-th topological mode displacement
eigenvector of the Newtonian equation of motion (their
eigenvalues are marked by the red dots in Fig.2(d)),
Ntopo is the number of topological modes, and α =
A(n1, n2) (α = B(n1, n2)) for the mass particle A(n1, n2)
(B(n1, n2)). In the non-separable region when ||c1c′1|
1
2 −
|c2c′2|
1
2 | < |bb′| 12 < |c1c′1|
1
2 + |c2c′2|
1
2 , the two bands touch
at points ~β(w) and ~β
∗
(w). It is notable that in the Hermi-
tian case when b = b′, c1 = c′1 and c2 = c
′
2, these two
band-touching points correspond to Weyl points. The
extension of Weyl points to non-Hermitian systems will
be our future research.
FIG. 2. Topological 2D rotor lattice composed of 30×30 unit
cells. (a) Unit cell encircled by dashed line box. Primitive vec-
tors ~a1 = (−
√
3
2
, 3
2
) and ~a2 = (
√
3
2
, 3
2
) are depicted by yellow
arrows. Red (blue) circle marks rotor A at ~rA = (0.014, 0.099)
(rotor B at ~rB = (0.034, 1.09)). They are rotatable with radii
lA = lB = 0.1 about fixed hinges marked by black dots. Red
(blue) arrow denotes the tangential unit vector which makes
an angle θA = 172
◦ (θB = 160◦) to the x-axis. Black arrows
nˆ1, nˆ2 and nˆ3 mark unit vectors of three bonds. k
o/k3 = 0.05.
(b) Phase diagram of Berry phases (γ1, γ2). (c) The config-
uration in (a) which leads to topological boundary modes is
not unique. A finite parameter region which leads to topolog-
ical configurations is illustrated here by varying ko/k3 and θB
while we keep the rest of the parameters unchanged. Topo-
logical configurations whose Berry phases are (γ1, γ2) = (pi, 0)
are represented by the red area, and the configurations whose
Berry phases are (γ1, γ2) = (0, pi) are represented by the blue
area. The unit cell configuration of (a) is marked by P . (d)
We plot the λ versus Arg β2 figure of the topological lattice.
The Berry phases (γ1, γ2) = (pi, 0). The red line stands for
the topological edge modes localized on the top left and bot-
tom right boundaries. (e) The displacement weight of one
of the bulk modes ξ
(s)
α (defined in Eq.(27)) on each A-node
α = A(n1, n2) (B-node α = B(n1, n2)) is shown using both
color (see color bar on the right) and size of the disks. (f) The
topological mode weight summation ξα (defined in Eq.(28))
on each node.
The bulk modes of the 1D and 2D rotor lattices man-
ifest the interesting “non-Hermitian skin effect”, in the
sense that they are exponentially localized on the lat-
tice boundaries. Consequently, the band structure and
the topological properties are remarkably distinct under
different boundary conditions. Here the fixed boundary
condition is adopted to reflect the emergence of topolog-
ical boundary modes. We note that in the following sec-
tion, such “skin effect” is absent in the honeycomb lattice
and the bulk modes are extended in space, meaning that
the bulk mode spectrum under fixed boundary conditions
is the same as that under periodic boundary conditions.
6Despite the lack of the “skin effect”, the Hamiltonian
(dynamical matrix) of the honeycomb lattice is still non-
Hermitian.
Both rotor lattices are stable in the branch bb′ > 0
and cic
′
i|i=1,...,d > 0. The topological modes can be ex-
cited by employing an external monochromatic shaking
force. On the other hand, the lattices are unstable in the
branch bb′ < 0 and cic′i|i=1,...,d < 0 in the dissipationless
limit. Therefore, we ask all eigenmodes to decay in time
by counteracting the intrinsic energy production with a
damping f = −ηu˙, where
η > ηc = max [m Im(ω
2)/
√
Re(ω2)]. (29)
However, due to the real eigenvalues of topological
modes, the excitations are heavily damped, which is in
sharp contrast to the complex eigenvalues of the topolog-
ical modes in the following honeycomb lattice.
Exceptional points emerge in both 1D and 2D rotor
lattices when bb′ < 0, cic′i|i=1,...,d < 0, and hz 6= 0. At
the exceptional point ~β = ~βe (here the lower index “e” is
short for exceptional point), the eigenvalues coalesce at
λn(~βe) = 0, and only one eigenvector |nR(~βe)〉 instead of
two occurs at the exceptional point. In general this may
not fulfill the reality condition of particle displacements.
In Appendix.D we prove that, as long as the coalesce
eigenvalue is real (which is true for λn(~βe) = 0 in rotor
lattices), the two coalesce eigenvalues λ(~βe) and λ(~β
∗
e )
must degenerate. The linear combination of |nR(~βe)〉 and
|nR(~β∗e )〉 is real for all particle displacements.
V. NON-HERMITIAN TOPOLOGICAL
MECHANICS IN THE 2D HONEYCOMB
LATTICE
In rotor lattices the generalized Berry phases are not
quantized unless we fine-tune their parameters. There-
fore, a lattice whose generalized Berry phase is quantized
without fine-tuning is in need, and it is the honeycomb
lattice we study as follows. Each site is connected to three
odd-elastic meta-beams [Fig.3(a)]. The beam orienta-
tion, the spring constant, and the odd elastic constant
are denoted as θi′ , ki′ and k
o
i′ , i
′ = 1, 2, 3, respectively.
The lattice is subjected to fixed boundary conditions. We
study the lattice from Eq.(3), where u = (~uA, ~uB) is the
eigenvector, λ = mω2 is the eigenvalue, D is a four-band
dynamical matrix
D = σ0 ⊗ h1,1 − σ+ ⊗ hβ−11 ,β−12 − σ− ⊗ hβ1,β2 , (30)
and hβ1,β2 is a 2× 2 matrix specified in Appendix.C.
The decay rates of the bulk modes, β1 and β2, happen
to lie on a unit circle,
|β1| = |β2| = 1. (31)
Therefore, all bulk modes are extended in space instead
of being localized on lattice boundaries. Consequently,
the eigenvalues of bulk modes under fixed boundary con-
ditions are the same as those under periodic boundary
conditions. To elaborate the absence of non-Hermitian
skin effect, we select one bulk mode with the eigenvalue
marked by P1 in fig.3(c), to plot the displacement mode
weight ξs=P1α on each node α in fig.3(f). Despite the fact
that all bulk modes are extended, the dynamical matrix
of the honeycomb lattice is still non-Hermitian.
To observe in-gap topological edge modes, we
consider the dynamical matrix whose eigenvalues
Reλ1,2(β1, β2) < Reλ3,4(β
′
1, β
′
2) for all (β1, β2) and
(β′1, β
′
2), meaning that the first and second two bands
are separated by the band gap ∆ [Fig.3(c)]. Differ-
ent from the topological rotor lattices which are free
of exceptional points, two exceptional rings arise in
the (Arg β1,Arg β2) parameter space [Fig.3(j)] when the
eigenvalues of the second two bands coalesce. Inter-
estingly, the first two bands have no exceptional point,
providing a well-defined Berry phase to characterize
the lattice topology. The dynamical matrix yields the
symmetry property ID(~β)I−1 = D(~β∗), where I =
σx ⊗ σ0. Although γ1(Arg β2) is not quantized at each
Arg β2, when averaged over Arg β2 the Berry phase γ1 is
quantized[110, 114]:
γ1 =
1
2pi
∫ pi
−pi
γ1(Arg β2)dArg β2 = 0 or pi. (32)
Similarly, γ2 is also quantized to 0 or pi when γ2(Arg β1)
is averaged over Arg β1. The topological modes arise
on the upper-left and bottom-right (upper-right and
bottom-left) lattice boundaries when the Berry phases
(γ1, γ2) = (pi, 0) ((γ1, γ2) = (0, pi)). Fig.3 depicts a
topological honeycomb lattice with the generalized Berry
phase (γ1, γ2) = (pi, 0). In contrast to the degenerate
topological modes in the 2D rotor lattice, the eigen-
frequencies of the topological modes in the honeycomb
lattice is distinguishable [red dots in Fig.3(c)]. It is
straightforward to choose one topological boundary mode
marked by P2 in Fig.3(c), and plot the displacement
weight ξ
(s=P2)
α on each node in Fig.3(g).
This model presents an interesting feature not ob-
served in the Hermitian counterpart. The eigenvalues
of topological modes are complex due to the breaking of
PT -symmetry, meaning that in the dissipationless limit,
the eigenmode excitations exponentially grow in time.
An external damping can neutralize the internal energy
production. However due to the large damping, both
topological modes and bulk modes are excited when the
lattice is shaken by an external force with frequency
Re (ω
(s)
topo), where ω
(s)
topo (1 ≤ s ≤ Ntopo) is a topologi-
7FIG. 3. Topological honeycomb lattice composed of 20 × 20 unit cells. (a) The unit cell configuration. Site A at ~ra =
(xa, ya) = (0.02, 0.01) and site B at ~rb = (0, 1). Primitive vectors ~a1 = (−
√
3/2, 3/2) and ~a2 = (
√
3/2, 3/2). Spring constants
k1 = 1, k2 = 0.6, and k3 = 0.9. Odd elastic constants k
o
1 = 0.300, k
o
2 = 0.0165, and k
o
3 = −0.259. (b) The configuration
in (a) which leads to topological boundary modes is not unique. Here we illustrate a finite parameter region which leads to
topological honeycomb lattices by varying ~ra = (xa, ya) while the other parameters are kept unchanged. The area represents
the topological configurations with Berry phases (γ1, γ2) = (pi, 0), and the white area is the non-seperable region in which the
first and second two bands are not separated. The unit cell configuration of (a) is marked by P0 at ~ra = (0.02, 0.01). (c) The
Imλ versus Reλ plot of the lattice under fixed boundary conditions. Topological and non-topological modes are marked by red
and black dots, respectively. (d) The Imλ v.s. Reλ plot of the lattice under periodic boundary conditions. (e) The Imλ v.s.
Reλ plot of the lattice under fixed boundary conditions but the particle mass mA = mB = 1 are replaced by m
′
A = m
′
B = 0.7m
for the n1 = 1 layer. (f) The weight of one of the bulk modes (marked by P1 in (c)) ξ
(s=P1)
α on each node on each node α
marked by red and blue disks for A-sites and B-sites, respectively. (g) The weight of one of the topological boundary modes
(marked by P2 in (c)) ξ
(s=P2)
α on each node. (h) The weight of one of the non-topological localized modes (marked by P3 in
(c)) ξ
(s=P3)
α on each node. (i) Newtonian Mechanics simulation of the topological mode marked by P2 in Fig.3(c): point force
~Fext = F cos(ωextt)eˆx at A(1,15) with ωext = 1.13 and F = 10
−10. We plot A/F versus t red (blue) curves for A(1,15) (B(1,15)),
where A is the x-direction oscillation amplitude and t varies from 0 to 2000×(2pi/ωext). Solid curves for η = ηc−δη and dashed
curves for η = ηc+δη, where ηc = 0.0107 and δη = 0.001 ≈ ηc/10. Displacement-time relations are plotted from t0 = 1.10×104
to t0 + 2× (2pi/ωext). (j) Two exceptional rings arise in the (Arg β1,Arg β2) plane when the second two bands coalesce.
cal mode eigenfrequency. Hence, we ask the excitations
of bulk modes to be small by imposing a lower bound of
the bandgap ∆ ηRe (ωtopo). The unique consequence
of complex eigenvalues is that the excitations of topolog-
ical modes exponentially increase in time if η . ηc (ηc
given by Eq.(29)), and they saturate if η & ηc [Fig.3(i)].
Besides the bulk modes which are extended in space,
we observe additional modes whose eigenvalues are not
separated from the bulk band, and they are localized on
the lattice boundaries. Compared to topological modes,
these localized modes are not topologically protected and
are easily affected by perturbations [Fig.3(e)]. For in-
stance, the displacement weight ξ
(s=P3)
α of one of such
localized modes with the eigenvalue marked by P3 in
Fig.3(c) is plotted in Fig.3(h) on each node α. It is there-
fore interesting to seek exotic edge mode responses driven
by external force with bulk mode frequencies.
VI. SUMMARY AND PERSPECTIVES
In this paper, we extend the notion of “non-Hermitian
topological theory” to mechanical systems. We study the
1D, 2D rotor lattices and the honeycomb lattice to illus-
trate our idea. The rotor lattices and the honeycomb
lattice feature unique properties that cannot be replaced
by one another. First, unlike Hermitian systems, non-
Hermitian structures enjoy the additional attributes that
the bulk modes are localized on the lattice boundaries
and the subsequent sensitivity of band structure and lat-
tice topology to the boundary conditions. This unique
property, namely “non-Hermitian skin effect”, is repro-
duced within our rotor lattices. While this effect is miss-
ing in the honeycomb lattice, the eigenfrequencies of its
topological modes are complex. Due to the large damping
which counteracts the intrinsic energy production to sta-
bilize the lattice, the excitations of the topological modes
in rotor lattices are heavily damped. However, the topo-
8logical mode excitations of the honeycomb lattice are still
strong even in the heavily damped regime.
Our study is based on but not limited to odd elasticity.
Any active matter that injects energy could be the ele-
ment of non-Hermitian metamaterials. Now we discuss
potential applications in biological structures.
First, the dynamics of biological structures are chal-
lenged by the ubiquitous heavy dissipation[105–107]. It
is worth applying non-Hermitian mechanics to active bi-
ological systems in which the heavy damping is coun-
teracted by energy production, such as motor activities
in fiber networks and motility of cell sheets. So far the
study of non-Hermitian systems is limited to periodic lat-
tice structures. Thus, the extension of non-Hermitian
mechanics to amorphous structures is useful to explore
energetic biological systems.
Second, in addition to topological modes, there also ex-
ist non-topological localized modes in non-Hermitian sys-
tems. It is thus intriguing to ask if these modes are asso-
ciated with the in-band boundary softness or exotic me-
chanical responses of active biological systems[108, 109].
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Appendix A: Biorthogonality and completeness of
generalized eigenvectors in non-Hermitian matrix
We start by considering a non-Hermitian N×N matrix
D with eigenvalues denoted as λn, 1 ≤ n ≤ N . The corre-
sponding generalized right eigenvector and left eigenvec-
tor of rank l are denoted as |nR(l)〉 and 〈nL(l)|, respectively.
They satisfy
(D − λnI)l|nR(l)〉 = 0,
but (D − λnI)l′ |nR(l)〉 6= 0, ∀l′ < l (A1)
and
〈nL(l)|(D − λnI)l = 0,
but 〈nL(l)|(D − λnI)l
′ 6= 0, ∀l′ < l. (A2)
The generalized eigenvectors is a complete basis. In par-
ticular, ordinary eigenvectors (denoted as |nR〉 and 〈nL|)
are rank 1 generalized eigenvectors.
It is straightforward to prove that acting D − λnI on
the generalized right (left) eigenvector |nR(l)〉 (〈nL(l)|) gives
the linear superposition of lower rank generalized right
(left) eigenvectors:
(D − λnI)|nR(l)〉 =
l−1∑
k=1
Rn,(k,l)|nR(k)〉
and 〈nL(l)|(D − λnI) =
l−1∑
k=1
Ln,(k,l)〈nL(k)|, (A3)
where Rn,(k,l) (Ln,(k,l)) is the coefficient of the rank k
generalized right (left) eigenvector of the eigenvalue λn.
It is obvious that Rn,(l−1,l) 6= 0 (Ln,(l−1,l) 6= 0).
We denote the highest rank of left (right) generalized
eigenvector of the eigenvalue λn as ln (rn). It is easy to
prove that ln = rn. To this end, without loss of generality
we assume rn > ln (i.e., rn ≥ ln + 1). We calculate 0 =
〈nL(ln−l)|(H − λnI)rn−1|nR(rn)〉 for all l = 0, 1, . . . , ln − 1
to find |nR〉 = 0 which is not true. Therefore, in what
follows we use ln to represent the highest rank of the
left and right generalized eigenvectors. From now on we
define Rn,(l′,l)|l′≥l = Ln,(l′,l)|l′≥l = 0 and then Eq.(A3)
can be re-written as
(D − λnI)|nR(l)〉 =
ln∑
k=1
Rn,(k,l)|nR(k)〉
and 〈nL(l)|(D − λnI) =
ln∑
k=1
Ln,(k,l)〈nL(k)|, (A4)
For different eigenvalues λn 6= λn′ , the left and right
generalized eigenvectors obey the biorthogonality
〈n′L(l′)|nR(l)〉 = 〈nR(l)|n′L(l′)〉 = 0 ∀l ≤ ln, ∀l′ ≤ ln′ . (A5)
This can be proved by substituting Eq.(A3) into
〈n′L(l′)|(D − λnI)|nR(l)〉 repeatly in every step of the sec-
ond principle of mathematical induction. Next, for the
left and right generalized eigenvectors of the same eigen-
value λn, the biorthogonality is presented as follows,
〈nL(l′)|nR(l)〉, 〈nR(l)|nL(l′)〉 6= 0 l + l′ = ln + 1
〈nL(l′)|nR(l)〉 = 〈nR(l)|nL(l′)〉 = 0 otherwise. (A6)
This is proved by using the mathamatical induction and
computing 〈nL(l′)|(D − λnI)|nR(l)〉 in every step. Rescal-
ing the right eigenvector |nR(l)〉 → |nR(l)〉/〈nL(l′)|nR(l)〉, and
summarizing Eqs.(A5, A6), we obtain the normalized
biorthogonality of the generalized eigenvectors,
〈n′L(l′)|nR(l)〉 = 〈nR(l)|n′L(l′)〉 = δn,n′δl+l′,ln+1. (A7)
Based on Eq.(A7) it is easy to prove the completeness of
the generalized eigenvectors,
IN×N =
∑
n
ln∑
l=1
|nR(l)〉〈nL(ln+1−l)|
=
∑
n
ln∑
l=1
|nL(ln+1−l)〉〈nR(l)|. (A8)
9In particular, if all highest ranks of generalized eigenvec-
tors are ln = 1, the generalized eigenbasis is the same
as the ordinary eigenbasis, and there is no exceptional
point in the non-Hermitian matrix D. Eqs.(A7, A8) are
reduced to
〈n′L|nR〉 = 〈nR|n′L〉 = δn,n′ , (A9)
and
IN×N =
∑
n
|nR〉〈nL| =
∑
n
|nL〉〈nR|. (A10)
Finally, based on Eq.(A7) we further show the coefficients
Rn,(k,l) and Ln,(k,l) in Eq.(A4) are related. To this end,
we calculate 〈nL(l)|H − λnI|nR(r)〉 to find
Rn,(ln+1−l,ln+1−l′) = Ln,(l′,l), (A11)
which is valid for all ln ≥ l, l′ ≥ 1.
Appendix B: Generalized Berry phase in
non-Hermitian classical systems
Newtonian equation of motion is the second-order
derivative in time, while Schrodinger’s equation is the
first-order derivative. In order to define the general-
ized Berry phase in the Newtonian equation of motion,
we consider the simple case that for the N × N non-
Hermitian dynamical matrix D, all bands are separated
from each other[29]. Hence the D-matrix is free of ex-
ceptional points, and the left and right eigenbasis are
complete. We use the eigenvalue equation,
D|nR〉 = λn|nR〉, (B1)
where |nR〉 is the right eigenvector corresponding to
eigenvalue λn. We then define an auxiliary wave func-
tion
|uRn (t′)〉 = |nR〉e−iλnt
′
, (B2)
which evolves as the auxiliary parameter t′ advances.
It also satisfies the eigenvalue equation D|uRn (t′)〉 =
λn|uRn (t′)〉. Since any N -dimensional wave function
|ψR(t′)〉 can be expressed as the linear superposition of
the complete basis {|uRn (t′)〉}, we find that |ψR(t′)〉 is
subjected to the Schrodinger-like equation of motion
D|ψR(t′)〉 = i∂t′ |ψR(t′)〉. (B3)
Starting from Eq.(B3), we derive the generalized Berry
phase of non-Hermitian mechanical systems.
Based on Eq.(2) of main text, we use the ansartz
(~uA,(n1,...,nd), ~uB,(n1,...,nd)) = β
n1
1 . . . β
nd
d (~uA, ~uB) to re-
duce the lattice equation of motion as D(~β)u = λu,
where the dynamical matrix D(~β) is the function of ~β.
We adiabatically evolve ~β(t′) as the auxiliary parame-
ter t′ advances. In sections.IV and V we prove that,
for all three models we study in this paper, the modu-
lus |βi| keeps constant while the complex phase Arg βi
varies from 0 to 2pi. The starting eigenvector is denoted
as |nR(~β(t′ = 0))〉. According to the quantum adiabatic
theorem[116–118], a system initially in one of its eigen-
state |nR(~β(0))〉 will stay as an instantaneous eigenstate
of the Hamiltonian D(~β(t′)) throughout the process. The
only degree of freedom is the phase of the state. Write
the state at t′ as
|ψRn (t′)〉 = eiγ
(n)
i (t
′)e−i
∫ t′
0
dt′′ λn(~β(t′′))|nR(~β(t′))〉, (B4)
and insert it into Eq.(B3), we obtain
(dγ
(n)
i /dt
′)|nR(~β(t′))〉 = i∂t′ |nR(~β(t′))〉. (B5)
Next, according to the normalized biorthogonality and
completeness of the eigenbasis, we multiply the above
equation on the left hand side with the left eigenvector
〈nL(~β(t′))|, to obtain
γ
(n)
i =
∮
C
A(n)i (~β) dArg βi, (B6)
where C is the closed path such that the variable ~β(0) =
~β(T ) goes back to itself, and
A(n)i (~β) = i〈nL|∂Arg βi |nR〉 (B7)
is the generalized Berry connection.
Appendix C: Non-Hermitian skin effect in the 1D,
2D rotor lattices, and the 2D honeycomb lattice
1. Non-Hermitian skin effect in the 1D rotor chain
Here we show calculation details of non-Hermitian skin
effect in 1D rotor chain. Let us first denote ΘA = θA+θ1,
Θ′A = θ2 − θA, ΘB = θ1 − θB and Θ′B = θB + θ2. The
parameters are displayed as follows,
a = (k + ko cot ΘA) sin
2 ΘA + (k − ko cot Θ′A) sin2 Θ′A
b = (k + ko cot ΘA) sin ΘA sin ΘB
c1 = (k − ko cot Θ′A) sin Θ′A sin Θ′B
a′ = (k + ko cot ΘB) sin2 ΘB + (k − ko cot Θ′B) sin2 Θ′B
b′ = (k + ko cot ΘB) sin ΘA sin ΘB
c′1 = (k − ko cot Θ′B) sin Θ′A sin Θ′B . (C1)
The displacement field of the chain is denoted as
{uAn, uBn}, which stretches the meta-beams connecting
the rotor particles. Newton’s equation of motion is
mu¨An = (buBn + c1uB,n−1)− auAn
mu¨Bn = (b
′uAn + c′1uA,n+1)− a′uBn, (C2)
subjected to fixed boundary conditions
uB0 = uA,N+1 = 0. (C3)
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We use the ansartz (uAn, uBn) = β
n
1 (uA, uB) to sim-
plify the equation of motion as Du = λu, with u =
(uA/|b| 12 , uB/|b′| 12 ) and
D = hzσz −
[
sgn(b)|bb′| 12 + β−11 c1|b′/b|
1
2
]
σ+
−
[
sgn(b′)|bb′| 12 + β1c′1|b/b′|
1
2
]
σ−, (C4)
where hz = (a− a′)/2 and λ = mω2 − (a+ a′)/2. Given
the eigenvalue λ, we find that det(D − λI) = 0 is the
second order equation of β1. Solving this equation gives
us two solutions β
(1)
1 and β
(2)
1 which satisfy
β
(1,2)
1 = −(1∓
√
1− 4AC/B2)(B/2A), (C5)
and
β
(1)
1 β
(2)
1 = b
′c1/bc′1, (C6)
where A = bc′1, B = bb
′ + c1c′1 − λ2 + h2z, and C = b′c1.
The eigenvector correspoding to β
(i)
1 is denoted as u
(i).
The general wave function is given by
un = β
(1)n
1 u
(1) + β
(2)n
1 u
(2), (C7)
which is subjected to the fixed boundary conditions.
Eliminating the eigenvectors gives us
(β
(1)
1 )
N+1(b′ + c′β(2)1 ) = (β
(2)
1 )
N+1(b′ + c′β(1)1 ). (C8)
We are concerned with the bulk modes for a long chain
in the limit N → ∞, which requires |β(1)1 | = |β(2)1 | for
the bulk modes[26]. If the bulk mode condition is not
fulfilled, without loss of generality we let |β(1)1 | > |β(2)1 |.
By taking the limN→∞(β
(2)
1 /β
(1)
1 )
N → 0, Eq.(C8) is sim-
plified as b′ + c′β(2)1 = 0, which gives a single β1 solution
instead of two, and this solution is independent of the
chain length N . In order to have the bulk mode condi-
tion |β(1)1 | = |β(2)1 |, additional constraints are imposed on
Eq.(C5):
1− 4AC/B2 < 0 and Im (AC/B2) = 0, (C9)
which in turn gives the constraint bb′c1c′1 > 0. In other
words, there is no bulk mode solution if bb′c1c′1 < 0.
Consequently, all eigenmodes are localized modes near
the lattice boundaries if bb′c1c′1 < 0.
Based on these results, the bulk mode condition is
mathematically formulated as
|β(1,2)1 | = |β1| =
√
b′c1/bc′1 (bb
′c1c′1 > 0). (C10)
In general, the decay rate |β1| of the bulk modes is not 1,
a unique feature of non-Hermitian systems dubbed the
“skin effect”.
2. Non-Hermitian skin effect in the 2D rotor lattice
To study the non-Hermitian skin effect in the 2D hon-
eycomb rotor lattice, we first denote a set of parameters
which will be used later: ΘAi = θA − θi, ΘBi = θB − θi
for i = 1, 2, 3, and
a =
3∑
i=1
(ki + k
o
i tan ΘAi) cos
2 ΘAi
b = (k3 + k
o
3 tan ΘA3) cos ΘA3 cos ΘB3
c1 = (k1 + k
o
1 tan ΘA1) cos ΘA1 cos ΘB1
c2 = (k2 + k
o
2 tan ΘA2) cos ΘA2 cos ΘB2
a′ =
3∑
i=1
(ki + k
o
i tan ΘBi) cos
2 ΘBi
b′ = (k3 + ko3 tan ΘB3) cos ΘA3 cos ΘB3
c′1 = (k1 + k
o
1 tan ΘB1) cos ΘB1 cos ΘA1
c′2 = (k2 + k
o
2 tan ΘB2) cos ΘB2 cos ΘA2. (C11)
The Newtonian equation of motion reads
−auAn1n2 + buBn1n2 + c1uBn1−1,n2 + c2uBn1,n2−1
= mu¨An1n2
−a′uBn1n2 + b′uAn1n2 + c′1uAn1+1,n2 + c′2uAn1,n2+1
= mu¨Bn1n2 , (C12)
subjected to fixed boundary conditions,
uA(N1 + 1, n2) = uA(n1, N2 + 1)
= uB(0, n2) = uB(n1, 0) = 0 (C13)
for all n1 = 1, 2, ..., N1 and n2 = 1, 2, ..., N2. By apply-
ing the ansartz (uAn1,n2 , uBn1,n2) = β
n1
1 β
n2
2 (uA, uB), the
Newton’s equation of motion is simpified as Du = λu,
where
D = hzσz −
[
sgn(b)|bb′| 12 +
2∑
i=1
β−1i ci|b′/b|
1
2
]
σ+
−
[
sgn(b′)|bb′| 12 +
2∑
i=1
βic
′
i|b/b′|
1
2
]
σ−, (C14)
and u = (uA/|b| 12 , uB/|b′| 12 ). Similar as the 1D rotor
chain, given the eigenvalue λ and decay rate β2 (β1), we
find det(D − λI) = 0 is the second order equation of β1
(β2). Solving this equation gives us two solutions β
(1)
1
and β
(2)
1 which satisfy
β
(1,2)
1 = −(1∓
√
1− 4AC/B2)(B/2A), (C15)
and
β
(1)
1 β
(2)
1 = c1(b
′ + c′2β2)/c
′
1(b+ c2β
−1
2 ), (C16)
where A = c′1(b+ c2/β2), B = bb
′+ c1c′1 + c2c
′
2 + c
′
2bβ2 +
c2b
′/β2 − λ2 + h2z, and C = c1(b′ + c′2β2). By denot-
ing the eigenvector as u(i) which corresponds to β
(i)
1 ,
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we then express the general wave function as the linear
superposition of the eigenvectors u(1) and u(2):
un1n2 = β
n2
2 (β
(1)n1
1 u
(1) + β
(2)n1
1 u
(2)), (C17)
subjected to fixed boundary conditions. Eliminating u(i)
gives us the following relationship,
(b+ c1/β
(1)
1 + c2/β2)(β
(1)
1 )
N1+1
= (b+ c1/β
(2)
1 + c2/β2)(β
(2)
1 )
N1+1. (C18)
The bulk mode condition[26] requires |β(1)1 | = |β(2)1 |,
which imposes additional conditions on Eq.(C15),
1− 4AC/B2 < 0 and Im (AC/B2) = 0. (C19)
Solving Eq.(C19) gives us the decay rate of β2:
|β2| =
√
b′c2/bc′2, (bb
′c2c′2 > 0). (C20)
By substituting |β2| into Eq.(C16) we further obtain the
decay rate β1,
|β1| =
√
b′c1/bc′1 (bb
′c1c′1 > 0). (C21)
In general, these bulk mode decay rates are not 1, which
are the manifestation of the non-Hermitian skin effect in
2D systems.
3. Non-Hermitian skin effect in the 2D honeycomb
lattice
To study the honeycomb lattice, the ansartz we adopt
is ~uA,B(n1,n2) = β
n1
1 β
n2
2 ~uA,B , where βi=1,2 are the decay
rates of the bulk modes along the lattice directions. The
Newton’s equation of motion is simplified as Du = λu,
where λ = mω2, u = (uxA, u
y
A, u
x
B , u
y
B), and the dynami-
cal matrix
D = σ0 ⊗ h1,1 − σ+ ⊗ hβ−11 ,β−12 − σ− ⊗ hβ1,β2 . (C22)
hβ1,β2 is a 2×2 matrix, with the matrix element specified
as follows,
hβ1,β2(1, 1) = (k3 cos θ3 − ko3 sin θ3) cos θ3 + β1(k1 cos θ1 − ko1 sin θ1) cos θ1 + β2(k2 cos θ2 − ko2 sin θ2) cos θ2
hβ1,β2(1, 2) = (k3 cos θ3 − ko3 sin θ3) sin θ3 + β1(k1 cos θ1 − ko1 sin θ1) sin θ1 + β2(k2 cos θ2 − ko2 sin θ2) sin θ2
hβ1,β2(2, 1) = (k3 sin θ3 + k
o
3 cos θ3) cos θ3 + β1(k1 sin θ1 + k
o
1 cos θ1) cos θ1 + β2(k2 sin θ2 + k
o
2 cos θ2) cos θ2
hβ1,β2(2, 2) = (k3 sin θ3 + k
o
3 cos θ3) sin θ3 + β1(k1 sin θ1 + k
o
1 cos θ1) sin θ1 + β2(k2 sin θ2 + k
o
2 cos θ2) sin θ2. (C23)
The fixed boundary conditions are given by
ux,yA (N1 + 1, n2) = u
x,y
A (n1, N2 + 1)
= ux,yB (0, n2) = u
x,y
B (n1, 0) = 0 (C24)
for all n1 = 1, 2, ..., N1 and n2 = 1, 2, ..., N2.
To study the non-Hermitian skin effect of bulk modes,
we have to introduce the following three properties of
the equation det(D − λI) = 0. (1) For given λ and β2
(β1), det(D− λI) = 0 is the second-order equation of β1
(β2). Thus, one can write this equation as the following
polynomial form of β1 and β2,
det(D − λI) = a1β1 + a′1/β1 + a2β2 + a′2/β2
+a3β1/β2 + a
′
3β2/β1 + a4 = 0, (C25)
where a1,2,3, a
′
1,2,3 and a4 are constants given by D and λ.
(2) If λ is real, we can prove that a1,2,3, a
′
1,2,3 and a4 are
real, and they satisfy a1 = a
′
1, a2 = a
′
2, and a3 = a
′
3. (3)
If det(D(β1, β2)−λI) = 0, then det(D(β−11 , β−12 )−λI) =
0 as well.
Equipped with the above three properties, we are now
ready to study the non-Hermitian skin effect. Given λ
and β2, solving the equation det(D(β1, β2) − λI) = 0
gives us two solutions β
(1)
1 and β
(2)
1 which satisfy
β
(1,2)
1 = −(1∓
√
1− 4AC/B2)(B/2A), (C26)
and
β
(1)
1 β
(2)
1 = C/A, (C27)
where A = a1 + a3/β2, B = a2β2 + a
′
2/β2 + a4 and C =
a′1 + a
′
3β2. The eigenvector which corresponds to β
(i)
1 is
denoted as u(i). Thus, the wave function of the general
form is
un1n2 = β
n2
2 (β
(1)n1
1 u
(1) + β
(2)n1
1 u
(2)). (C28)
Employing fixed boundary conditions and eliminating
u(i) gives us the simplified relation between β
(1)
1 and β
(2)
1 ,
det
[
h(β
(1)−1
1 , β
−1
2 )
(β
(1)
1 )
N1+1
− h(β
(2)−1
1 , β
−1
2 )
(β
(2)
1 )
N1+1
]
= 0. (C29)
Similar as the rotor lattices, the bulk mode condition
requires |β(1)1 | = |β(2)1 |, which in turn demands
1− 4AC/B2 < 0 and Im (AC/B2) = 0 (C30)
in Eq.(C26). We find that if |β2| = 1 and λ is real,
the conditions in Eq.(C30) are validated. Substituting
|β2| = 1 into Eq.(C27) gives us |β(1)1 | = |β(2)1 | = 1. In
summary, we find
|β1| = |β2| = 1. (C31)
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Eq.(C31) is obtained by solving det(D(β1, β2)− λI) = 0
in terms of β1, but solving this determinant in terms of
β2 offers us the same result. It means that instead of
localizing on the lattice boundaries, all bulk modes are
extended. The generalized Brillouin zone happens to be
a unit circle. An important consequence of Eq.(C31) is
that β∗i = β
−1
i , which is essential for the symmetry prop-
erty ID(~β)I−1 = D(~β∗) which quantizes the generalized
Berry phase. Despite the fact that all bulk modes are ex-
tended, the dynamical matrix of the honeycomb lattice
is still non-Hermitian.
Appendix D: Reality condition of mechanical waves
at exceptional points
At the exceptional point ~β = ~βe, the eigenvalue λn(~βe)
as well as the eigenvector |nR(~βe)〉 coalesce. The New-
ton’s equation of motion for the exceptional point reads
D(~βe)|nR(~βe)〉 = λn(~βe)|nR(~βe)〉. (D1)
The complex conjugation of Eq.(D1) gives another equa-
tion of motion,
D(~β∗e )|nR(~βe)〉∗ = λ∗n(~βe)|nR(~βe)〉∗, (D2)
where we have employed the property D∗(~βe) = D(~β∗e )
in real space D∗ = D. From Eq.(D2) it is straightfor-
ward to prove that ~β∗e is also an exceptional point with
the corresponding eigenvalue λn(~β
∗
e ) = λ
∗
n(
~βe) and the
eigenvector |nR(~β∗e )〉 = |nR(~βe)〉∗.
If λn(~βe) is real, the eigenvalues of the exceptional
points ~βe and ~β
∗
e must degenerate: λn(
~βe) = λ
∗
n(
~βe).
Hence, the linear combination of the eigenmodes |nR(~βe)〉
and |nR(~β∗e )〉 indicates that all particle displacements are
real.
Appendix E: The configurations of Honeycomb
lattice with complex eigenfrequencies of topological
modes
In order to find a honeycomb lattice configuration
that possesses complex eigenfrequencies of topological
boundary modes, this four-band non-Hermitian dynam-
ical matrix has to fulfill five criteria. (1) The first and
the second two bands are separated by the bandgap ∆.
(2) The generalized Berry phase of the first two bands
(γ1, γ2) = (pi, 0) or (γ1, γ2) = (0, pi). (3) The eigen-
frequencies of topological edge modes are complex. (4)
The critical damping coefficient ηc, the topological mode
eigenfrequencies ωtopo, and bulk mode eigenfrequencies
ωbulk have to satisfy the following relationship
ηc = max {m Im(ω2topo)/[Re(ω2topo)]1/2}
> max {m Im(ω2bulk)/[Re(ω2bulk)]1/2}. (E1)
Eq.(E1) implies that the excitation of topological bound-
ary modes is marginal. The amplitude exponentially
grows in time when η . ηc, while it yields a constant
if η & ηc. The excitations of bulk modes are bounded in
both cases. (5) Driven an external shaking with the fre-
quency ωext = Re (ωtopo), both of the topological modes
and the bulk modes are excited due to the damping. We
impose a lower bound to the bandgap ∆  ηRe (ωtopo)
(here we let ∆ ' 5ηRe (ωtopo) in the main text), and
then the excitations of bulk modes are weak compared
to the topological modes.
Most of the topological lattice configurations which ful-
fil criteria (1), (2) and (3) do not accomplish the rest two
criteria (4) and (5). To seek the parameter region which
satisfies all five criteria presented above, we start from
a special configuration in which all eigenvalues of this
non-Hermitian dynamical matrix are real and positive.
Small parameter deviations from this configuration ren-
der eigenfrequencies with small imaginary parts, which
means a small damping η is strong enough to counteract
the energy injection, and then criterion (5) is assured.
Finally, we go through the neighborhood of this special
configuration to find the parameter region which satisfies
criterion (4). One of such a set of parameters which sat-
isfy all five criteria is depicted by P0 in Fig.3(b) of the
main text.
We now discuss how to find this special configuration,
in which all eigenvalues λ = mω2 are real and positive.
This configuration can be achieved by enabling h(1, 1) of
Eq.(30) to be an identity, which in turn demands
3∑
i=1
(ki cos 2θi − koi sin 2θi) =
3∑
i=1
(ki sin 2θi + k
o
i cos 2θi) =
3∑
i=1
koi = 0. (E2)
Given the normal spring constants k1, k2 and k3 and
bond orientations θ1, θ2 and θ3, one can determine the
odd elastic constants ko1, k
o
2 and k
o
3 accordingly. Through
analytic calculations, we prove that all bulk mode eigen-
values are real and positive. We then numerically solve
the topological boundary modes and find that their eigen-
values are real and positive, too. In summary, all eigen-
values are real and positive numbers in this special con-
figuration.
Deviations of the parameters k1, k2, k3, θ1, θ2, θ3, k
o
1,
ko2, and k
o
3 lead to a wide range of lattice configurations
with complex topological mode eigenfrequencies, which
is depicted in Fig.3(a).
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